Abstract. We consider geometric and computational measures of complexity for sets of integer vectors, asking for a qualitative difference between f -vectors of simplicial and general d-polytopes, as well as flag f -vectors of d-polytopes and regular CW (d − 1)-spheres, for d ≥ 4.
Introduction
The face numbers of simplicial d-polytopes are characterized by the celebrated g-theorem, conjectured by McMullen [13] and proved by Stanley [21] and Billera-Lee [5] . In contrast, the f -vector, and the finer flag f -vector, of general d-polytopes of dimension d ≥ 4 are not well understood, despite considerable effort, see e.g. Grünbaum's book [8, Ch.10] ; likewise for regular and strongly regular CW spheres. Are there "qualitative" differences between these sets of vectors? In this note we suggest geometric measures to make this question precise. The computational complexity aspect is also considered. For other measures of complexity in dimension 4, like fatness, see e.g. Ziegler's ICM paper [25] , and e.g. [27, 20] for general d.
1.1. Geometric complexity. Let F be a family of graded posets of rank d + 1 with a minimum and a maximum. For instance denote by F = P d (resp. P For a subset T of R d and t ∈ T let Conv(T ) (resp. Cone t (T )) be the minimal closed convex set (resp. cone with apex t) containing T . Let
The following are geometric consequences of the g-theorem.
(2) Density of rays: for any ǫ > 0 and any x ∈ C d there exists a simplicial polytope P ∈ P d s such that the angle between x − f (σ d ) and
(3) Density of points: for any x ∈ C d there exists a simplicial poly-
(4) Boundary polytopes: the only polytopes P ∈ P d s with f (P ) on the boundary of C d are the k-stacked polytopes for some k ≤ d 2 − 1; only the 1-stacked polytopes have f (P ) on an extremal ray, all are on the same ray.
When d ≥ 4, all analogous statements for P d seem open. Explicitly:
For d = 4 Ziegler [27] showed that the limits of the rays spanned by
Possibly all rays in Cone f (σ d ) (f (P d )) are limit rays, which is equivalent to a YES answer to (1, 3) ; and just to (1) if restricting to the extremal rays.
As for (1') for d = 4, it is not known if the fatness parameter
is bounded above by some constant C. If not, then Cone f (σ 4 ) (f (P 4 )) would be determined, with exactly 5 facets [2, 7] . Ziegler [26] showed that if C exists then C ≥ 9. Similar questions to those in Problem 1.2 can be asked about the set of flag f -vectors of d-polytopes and again are open for d ≥ 4 (and known for d ≤ 3 by Steinitz [24] ; there the flag f -vector is determined by the f -vector, see the cd-index below). . Combining a construction of Stanley [22] with the nonnegativity of the cd-index proved by Karu [11] , gives the following known analog of Theorem 1.1(1).
The dimension c d − 1 was found earlier by Bayer and Billera [3] , and holds also for the smaller cone Cone f (σ d ) (flag(P d )); see also [10] .
The flag analogs of Theorem 1.1 (2) (3) (4) [18] for a recent survey. Yet, this perspective is still largely missing in f -vector theory.
Fix d and consider the following decision problems: given a vector
For F = P d this is decidable, by finding all combinatorial types of d-polytopes with n vertices -see Grünbaum's book [8, Sec.5.5] for a proof using Tarski's elimination of quantifiers theorem. Using the existential theory of the reals, e.g. [6, 19] , gives an algorithm that runs in time double exponential in size of the encoding of v (in binary, on a deterministic Turing machine).
For i = 0, 1 . . . , d ) by
Note that the f -vector of P , f (P ) = (f 0 , . . . , f d ), and its h-vector h(P ) = (h 0 , h 1 , . . . , h d ), are obtained one from the other by applying an invertible linear transformation. Thus, the following theorem indeed characterizes the face numbers of simplicial polytopes.
Theorem 2.1 (g-theorem [5, 21] ). An integer vector h = (h 0 , . . . , h d ) is the h-vector of a simplicial d-polytope iff the following two conditions hold:
2.2. Gorenstein* posets. A poset P with minimum0 and maximum1 is Gorenstein* if the reduced order complex O(P ), consisting of all chains in P \ {0,1}, is a Gorenstein* simplicial complex. Namely, for any face F ∈ O(P ) including the empty one, the link lk O(P ) (F ) has dimension dim(O(P )) − |F | and is homologous to a rational (dim(O(P )) − |F |)-sphere. For example, all regular CW spheres are Gorenstein*, thus also all polytope face lattices. It turns out that for c = a + b of degree 1 and d = ab + ba of degree 2, Ψ P (a, b) = Φ P (c, d); this uniquely defined polynomial Φ P of homogenous degree d in non-commuting variables c and d is called the cd-index of P . Stanley [22] proved for P ∈ P d , and Karu [11] for any Gorenstein* poset, that: Theorem 2.2. For any Gorenstein* poset P , all coefficients of its cdindex Φ P are nonnegative.
For B 2 the boolean lattice on two atoms, Q m the face poset of the m-gon, and any cd-word w = w 1 · · · w k , Stanley [22] considered the join poset P w,m = P 1 * . . . * P k where P i = B 2 if w i = c and P i = Q m if w i = d. It is a regular CW sphere as a join of such. As Φ P * Q = Φ P Φ Q holds for any posets P, Q admitting a cd-index, Stanley concluded that when m approaches infinity the coefficient vector of Φ Pw,m approached the ray spanned by the wth coordinate. This explains Proposition 1.3.
Proofs and Discussion

Consequences of the g-theorem.
Proof of Theorem 1.4. Recall the g-theorem, Theorem 2.1. Denote g i = h i − h i−1 for 0 < i ≤ ⌊d/2⌋. Checking whether (1, g 1 , . . . , g ⌊d/2⌋ ) is an M-sequence can be done in polynomial time in the size of the encoding of g := (g 1 , . . . , g ⌊d/2⌋ ) in binary. Indeed, we recall the trivial algorithm one needs to run: (i) for each i produce the ith Macaulay representation (see e.g. Proof of Theorem 1.1.
) is affinely equivalent to the g-cone with apex the origin Cone 0 (g(P ) : P ∈ P d s ), which is simply the nonnegative orthant A ⌊d/2⌋ in R ⌊d/2⌋ . Thus we verify Theorem 1.1 by considering the analogous statements for g-vectors g(P ) and the cone A ⌊d/2⌋ rather than f -vectors f (P ) and the cone C d .
The McMullen-Walkup polytopes [14] approach the extremal rays of A ⌊d/2⌋ , verifying (1).
For (2), first recall the connected sum construction (with respect to a given facet): for two d-polytopes P 1 and P 2 , after applying a projective transformation to one of them, they can be glued along a common facet (namely, (d−1)-face) σ to form a new convex d-polytope P = P 1 # σ P 2 . Combinatorially, the face lattices are related by ∂P = (∂P 1 ∪ σ ∂P 2 )\{σ}. Note that on the level of face lattices, the operations # σ are associative and commutative, so we omit the order of summands and of operations from the language. Now, take connected sum of an appropriate number of copies of appropriate McMullen-Walkup polytopes to show that any ray in A ⌊d/2⌋ is a limit of a sequence of distinct rays spanned by the g(P ) in A ⌊d/2⌋ . Indeed, the g-vectors sum up under connected sum:
More strongly, for (3) one requires the M-sequence inequalities in the g-theorem: consider the vector x(a) = (0, 0, . . . , 0, a) in A ⌊d/2⌋ for a >> 1 and the least M-sequence with respect to the reversed lexicographic order such that its ⌊d/2⌋th coordinate equals a, denoted M(a). The For (4) consider the Macaulay conditions again. We see that the only g-vectors of simplicial d-polytopes g(P ) on the boundary of A ⌊d/2⌋ are those of the form (a 1 , . . . , a k , 0, . . . , 0) for positive a i s, corresponding exactly to (k − 1)-stacked polytopes by [14, 15] . The only g(P ) on an extremal ray are of the form (a 1 , 0, . . . , 0), corresponding to 1-stacked polytopes by the Lower Bound Theorem [1, 9] . This completes the verification of Theorem 1.1. (2), we lack the needed connected sum type constructions for complexes in W d . For example, is it possible to modify a poset P ∈ W d to another poset P ′ ∈ W d such that (i) P ′ has a top dimensional cell whose boundary is dihedral (i.e. isomorphic to D d−1 ), and (ii) the coefficients are close, namely, for any cd-word w,
If Yes then ray density as asserted in (2) would follow, by taking connected sum over dihedral cells.
As for (4), the inequality on the cd-index by Murai Deciding in exp(N)-time is trivial. Recall that some binary diophantine quadratics are known to be NP-complete [12] . Next we consider arbitrary Gorenstein* posets.
Proof of Proposition 1.7. All Gorenstein* posets of fixed rank with given flag f -vector of binary bit complexity N can be obtained in exp(exp(N))-time. Indeed, the total number of possible chains of faces is Π i f {i} = exp(O(N)), and each potential poset corresponds to a subset, so all together we have to consider exp(exp (O(N) )) number of posets P . For each P we compute the cellular homology groups over say the field of rationals, for all intervals in P ; they are exp(O(N)) many. For each interval the computation is polynomial in the size of the interval, so takes poly(exp (O(N) )) time. Proposition 1.7 follows.
Possibly a decision can be made in poly(N)-time.
